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A b s t r a c t  

P a r t i c l e s  t rapped  i n  t h e  e a r t h ' s  magnetic f i e l d  

fo l low o r b i t s  which vary  over  a l l  l o n g i t u d e s  and over  wide 

ranges of l a t i t u d e  and a l t i t u d e .  An e f f i c i e n t  method of 

averaging  any s p a t i a l l y  dependent f u n c t i o n  over  t h e s e  

o r b i t s  i s  desc r ibed .  A F o r t r a n  program which computes 

average atmospheres,  u s ing  an  Anderson and F ranc i s  (1964) 

atmosphere and t h e  Jensen  and Cain (1962) 48 term repre-  

s e n t a t i o n  of t h e  e a r t h ' s  magnetic f i e l d ,  i s  descr ibed .  

This  program has  been run  on t h e  CDC 3600 and IBM 7090 com- 

p u t e r s .  
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Int roduct ion  

One of t h e  major f a c t o r s  determining t h e  d i s t r i b u t i o n  of p a r t i c l e s  

t rapped i n  the  e a r t h ' s  magnetic f i e l d ,  is t h e  c o l l i s i o n s  of t h e  p a r t i c l e s  

w i t h  t h e  atmosphere. I n  considering the  e f f e c t s  of t h e  atmosphere it is  

necessary t o  i n t e g r a t e  over t h e  o r b i t  of t he  p a r t i c l e .  

given an approximate expression f o r  t h e  i n t e g r a l s  i n  a dipole  f i e l d .  

Lenchek and Singer  (196%) and Haml.in e t  al .  (1961) have re f ined  p a r t  of 

t h e  expression. However, it is  known t h a t  t h e  d ipole  approximation is  

not adequate. 

t h e  v a r i a t i o n  of a l t i t u d e  with longi tude on t h e  l i n e  with a magnetic 

f i e l d  of .235 gauss and an L value of 1.25. I n  a d ipole  f i e l d  t h e  al t i-  

tude would be constant :  i n  t h e  e a r t h ' s  f i e l d  it v a r i e s  from 100 t o  1300 

kms. For comparison, t h e  sca le  height of oxygen i s  about 120 km. New- 

k i r k  and W a l t  (1963) and Anderson, Crane, Francis,  Newkirk and W a l t  (1964) 

have performed an accurate  average over longitude, using a 48 term repre- 

s en ta t ion  of t h e  earth 's  magnetic f i e l d .  I n  t h i s  paper we descr ibe  an 

accura te  and comparatively fast  method of computing averages over both 

l a t i t u d e  and longi tude,  and we descr ibe a computer program which can be 

Ray (1960) has 

For example, Welch e t  al. (1963) has a graph which shows 

used t o  do f u r t h e r  ca lcu la t ions .  

The Mathematical Equations 

It i s  w e l l  known t h a t  t he  motion of the p a r t i c l e  can be decomposed 

i n t o  t h r e e  separa te  components. The guiding cen te r  moves p a r a l l e l  t o  a 

l i n e  of f o r c e  with v e l o c i t y  

c u l a r  t o  t h e  l i n e  of force  with ve loc i ty  vd, where v denotes t h e  

v The guiding cen te r  a l s o  d r i f t s  perpendi- 

d 

P' 
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instantaneous d r i f t  average over a l o n g i t u d j  n a l  boilnce. The p a r t i c l e  

ro t a t e s  rap id ly  about t he  guiding center .  

of the  atmosphere; f o r  example, f might be the  dens i ty  of oxygen o r  

the t o t a l  energy loss cross  sec t ion .  The problem i s  t o  compute t h e  aver- 

age value of f f o r  a p a r t i c l e  o r b i t ,  where the  o r b i t  is  continued f o r  

an  i n d e f i n i t e  time. Assuming t h a t  t h e  p a r t i c l e  s t ays  on a s h e l l  def ined 

by Bm and I, where Bm is t h e  mir ror  point  magnetic f i e l d ,  and I i s  

the usual  ad iaba t i c  i nva r i an t ,  then  

Let f ( F )  denote any property 

where 

dx i s  an element of a r c  i n  t h e  d i r e c t i o n  of v 

the  l i n e  of fo rce ) ,  dy 

and the  in t eg ra t ion  is taken over  t h e  whole s h e l l  def ined by I and Bm. 

We have assumed that f(r) i s  evaluated a t  t he  guiding center :  t h e  

e f f e c t  of va r i a t ions  i n  f over  d i s t ances  comparable w i t h  t h e  radius  of 

gyrat ion can be taken i n t o  account by t h e  method of Lenchek and Singer  

(1962b). 

of x, and thus t h a t  (2)  i s  separable ,  we can the re fo re  put 

( t h a t  i s  an element of 
P 

d’ is  an element of a r c  i n  t h e  d i r e c t i o n  of v 

It has been shown by Hassitt (1964) t h a t  dy/vd i s  independent 

where 

( 3 )  

(4) 
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The co-ordinate @ denotes t h e  geographic longitude of t he  geomagnetic 

equator  on t h e  l i n e  of force.  

def ine  a l i n e  of force.  

f o r c e  def ined by 

defined by Bm. 

The co-ordinates (I, 9) completely 

The in t eg ra t ion  i n  ( 4 )  i s  along t h e  l i n e  of 

(I, @), t he  l i m i t s  of i n t eg ra t ion  are t h e  mir ror  po in ts  

Equation (3) has made use of the r e l a t i o n  

where # is the  angular d r i f t  ve loc i ty  projected along t h e  @ co-ordinate. 

For c e r t a i n  appl ica t ions  it i s  use fu l  t o  compute 

Vd 

# 
The i n t e g r a t i o n  i n  (6) i s  taken along t h e  l i n e  of constant  I and con- 

s t a n t  B. I n  f a c t  t h e r e  are two such l i n e s ,  one a t  t h e  northern and one 

a t  t h e  southern end of t h e  l i n e  of force;  

r e s u l t s .  The r e l a t i o n  (7) follows from the f a c t  t h a t  dy/vd is independ- 

e n t  of x. It i s  used as follows. We evaluate  f a t  t h e  point  on t h e  

l i n e  w e  t ake  t h e  l i n e  of force  through t h i s  point ,  follow t h i s  

l i n e  t o  t h e  geomagnetic equator and then f ind the  assoc ia ted  

r a t h e r  complicated process i s  i n  f a c t  much f a s t e r  and e a s i e r  than calcu- 

l a t i n g  dx/vd a t  t h e  point  i t s e l f .  

w e  t ake  the  average of t he  two 

(I, B), 

@. This 
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Ftnding the  Line of Force 

Given I @, before we can do any ca lcu la t ion ,  it i s  necessary 

t o  f ind  the  cor rec t  l i n e  of force.  A s e r i e s  of computer programs w r i t -  

t e n  by Dr. C. E. McIlwain was ava i l ab le  t o  compute t h e  l i n e  of fo rce  and 

the  L value a t  any point .  

Cain  (1960) 48 term representa t ion  of t h e  e a r t h ' s  f i e l d ,  bu t  it can 

e a s i l y  be changed t o  use any o the r  f i e l d .  Given I ,  @ we could have 

found the  l i n e  of force  by a th ree  dimensional search; i n  f a c t ,  w e  took 

a modified approach which. allowed a one dimensional search. Let 

The program cur ren t ly  uses the  Jensen and 

@E = geographic longi tude a t  which a l i n e  of fo rce  
crosses  the  geographic equator  ( 8 )  

We used t h e  eo-ordinates (L, @E) t o  def ine  a l i n e  of force ,  where L 

is  defined by McIlwain (1960) and i s  t o  be evaluated a t  the  geomagnetic 

equator. We w i l l  r e l a t e  t h e  (L, @E) system t o  t h e  (I, @) system a t  

a l a t e r  s tage.  

w i t h  6 = 0,  $d = $dE and r tak ing  on seve ra l  values.  The co r rec t  l i n e  

force is then found by an i t e r a t i v e  process.  Since the  geomagnetic equator  

Given @E we evaluate  L f o r  a s e r i e s  of po in ts  (r, 0,  @), 

i s  c lose  t o  t h e  geographic equator and s ince  t h e  c o r r e c t  

equal t o  L, t h i s  process i s  qu i t e  rapid.  

r is approximately 

In tegra t ion  Along a Line of Force 

The use of t he  f i r s t  inva r i an t  shows t h a t  

v = v (1 - B/B,) 
P (9) 
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where v, t h e  ve loc i ty  of t h e  p a r t i c l e ,  i s  a cons tan t  of t h e  motion. 

The integrand i n  equat ion (4)  i s  s ingular  a t  t he  mir ror  po in ts .  only in a 

dipole  f i e l d  I i t  poss ib le  t o  transform t o  a non-singular form. I n  

some problems f ( r )  may be a rap id ly  varying func t ion  of x. A numerical 

method capable of overcoming these  d i f f i c u l t i e s  must be used. 

The s tandard program which f i n d s  the l i n e  of fo rce  uses  a predic tor -  

co r rec to r  method t o  f i n d  a s e t  of po in ts  along the  l i n e  of force .  The 

program w a s  modified so  t h a t  it computes x, B and h a t  each poin t  of 

t h e  s e t ;  x i s  t h e  d is tance  along the  l i n e  of force ,  B i s  the f i e l d  

value and h i s  t h e  a l t i t u d e  above t h e  surface of' t h e  ea r th .  B and h 

are S m G O t h  funct ions of x, hence we can f ind  B(x) and h(x)  f o r  any 

x by quadrat ic  i n t e rpo la t ion .  The funct ion f ( r )  is, i n  p rac t i ce ,  a 

func t ion  of h only. The r e l a t i o n  

is an exac t  one, even near t he  s ingu la r  point To evaluate  the  

i n t e g r a l  (4)  w e  assume t h a t ,  over a s u f f i c i e n t l y  small in te rva l i  B i s  a 

b = -a/c.  
'. 
'\ 

Y 
l i n e a r  func t ion  of x and f i s  a constant,  hcnce I 

denote j +1 The numerical i n t e p a t i o n  proceeds as fo l l a i s .  L e t  Y and x 

two successive values  of x i n  t h e  s e t  oi' po in ts  chosen by predictor- 

c o r r e c t o r  i n t eg ra t ion .  Divide the  range x. 
J 

apply formula (11) on each p a r t ,  using quadratic i n t e rpo la t ion  on 

j 

i n t o  two parts, 
trJ "j+l 

B 
J-1, 



, 
b 

t o  f i n d  B ( x )  and a similar i n t e r p o l a t i o n  f o r  h(x) .  Next B j '  Bj+l 

divide t h e  range i n t o  f o u r  parts and apply formula (11) f o u r  t i m e s .  

Compare t h e  two p a r t  and f o u r  p a r t  r e s u l t s ;  i f  t h e y  do not agree t o  

s u f f i c i e n t  accuracy, use e i g h t ,  s ixteen,  e t c . ,  p a r t s .  Now repeat  t h i s  

and so on. j +2  
process f o r  x t o  x 

3-1 
When comparing the  two pa r t ,  f o u r  p a r t ,  e t c . ,  r e s u l t s  w e  use two 

d i f f e r i n g  accuracy c r i t e r i a .  

by l e s s  than .I$ or each r e s u l t  t o  be l e s s  than  R/5000, where R 

We require  the separa te  r e s u l t s  t o  d i f f e r  

i s  the r e s u l t  of t h e  i n t e g r a t i o n  over t h e  range x up t o  x . I n  most 

problems t h e  major cont r ibu t ion  t o  t he  i n t e g r a l  (4)  comes from the p a r t  

of t h e  l i n e  of fo rce  near t h e  southern mir ror  point .  By s t a r t i n g  t h e  

1 

integrat ion a t  t h e  southern mirror  point ,  R bu i lds  up rap id ly  and w e  

avoid unnecessary accuracy a t  poin ts  where t h e  cont r ibu t ion  t o  t h e  integ-  

ral i s  small.. 

Di rec t  ion -- - Integrat ion i n  t h e  # 
The program chooses = Oo, a", ... 300: and eva lua tes  U and 

on each of t hese  s i x  l i n e s  of fo rce .  It then  computes t h e  sum of t h e  

s ix  U values; t h i s  sum i s  a f i r s t  estimate of S. We could now t a k e  

= Oo, 30°, e t c .  and ge t  a be t t e r  estimate of S; however, t h i s  would 

usual ly  be a very wasteful process.  U i s  o f t e n  a r a p i d l y  varying func t ion  

of  # : it can change by a f a c t o r  of 10 as # i s  varied.  What w e  

would l i k e  t o  do is  t o  compute 

vallies of #. This i s  done as follows. 

10 

U($) a t  a number of c a r e f u l l y  chosen 

The program takes t h e  r e s u l t s  f o r  U a t  @ = 300°, &lo, and 120°, 



it then  computes U at @ = 0" by quadrat ic  i n t e rpo la t ion  on log  U. 

The in t e rpo la t ed  and t h e  exact  r e su l t s  f o r  U a t  @ = 0" are compared 

I f  they agree t o  s u f f i c i e n t  accuracy, then  w e  go on t o  60". 

not agree then we compute U a t  @ = 330" and @ = 30' and repea t  the 

If they  do 

in te rpola t ion .  The accuracy t e s t  evaluates  what e f f e c t  t h e  d i f f e rence  

between the  co r rec t  and in te rpola ted  value would make i n  S, and checks 

t h a t  t h i s  is l e s s  than .1$ of t h e  .estimate of S. The es t imate  of S 

i s  re-computed every time an addi t iona l  p a i r  of po in ts  i s  found. 

A t  t h e  completion of t h i s  process we have a t a b l e  of U ( f ) ,  U ( 1 )  

and @ a t  many values of @ During t h i s  process we a l s o  computed @. E' 
@ is  computed from 

? =( 3BxvB ) 
B r s i n  e @ 

where my i s  t h e  mass, v the  ve loc i ty  and e the  charge on t h e  p a r t i c l e .  

T h i s  i s  the  d r i f t  of a p a r t i c l e  mirroring a t  t h e  equator.  It has been 

shown elsewhere (Hassitt, 1464) t h a t  t h e  .value of 

ror ing  a t  B i s  a constant (independent of @) times t h e  @ of an 

equa to r i a l  p a r t i c l e .  T i s  the  bounce t ime and t h i s  is, by d e f i n i t i o n ,  a 

constant  t i m e s  F ina l ly  w e  evaluate  the i n t e g r a l  (3) by 

numerical i n t eg ra t ion .  Simpson's r u l e  i s  used; each @ range is s p l i t  

@T f o r  a p a r t i c l e  m i r -  

m 

U ( 1 ,  I, Bm, 6). 

i n t o  many p a r t s  and parabol ic  i n t e rpo la t ion  on log  U and on T is  

used. A t  t h e  same time the  i n t e g r a l  (7) is  performed. Figure 1. i l l u s -  

t r a t e s  t he  choice of @ poin ts  i n  a p a r t i c u l a r  case where U va r i e s  by 

4 a f a c t o r  of 10 . 
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Accuracy 

The models of t he  atmosphere, and t o  a lesser ex ten t ,  of t h e  

e a r t h ’ s  magnetic f i e l d ,  which are cur ren t ly  ava i l ab le  conta in  appreciable  

e r ro r s .  However, i n  order  t o  compare one model wi th  another, t he  calcu- 

l a t i o n  should proceed as though t h e  physical  data were completely accurate .  

The accuracy of t h e  o v e r a l l  ca l cu la t ion  depends on seve ra l  f a c t o r s .  

( a )  The l i n e  of fo rce  ca lcu la t ion .  (b) Given L, f i nd ing  t h e  

co r rec t  l i n e  of force .  

choice of i n t e r v a l  i n  using equation (11). 

( f )  The i n t e g r a t i o n  i n  t h e  @ 

( c )  The accuracy of  equation (11). (d )  The 

(e )  The ca l cu la t ion  of #. 
d i rec t ion .  

The l i n e s  of force  a r e  rmputed  by a standard s e t  of rou t ines  

which have been used ex tens ive ly  i n  o ther  t h e o r e t i c a l  ca l cu la t ions  and 

i n  eo-ordinat ing d a t a  from many s a t e l l i t e s .  It can s a f e l y  be assumed 

t h a t  t h e  bas i c  rout ines  a r e  accura te  and w e  have only t o  s e l e c t  an appro- 

p r i a t e  value of t h e  parameter which cont ro ls  t he  accuracy. The accuracy 

of (b)  depends on t h e  accuracy of t h e  l i n e  of force  ca l cu la t ion  only; L 

is  a smooth func t ion  of a l t i t u d e  and there  i s  no problem of accuracy i n  

the  i t e r a t i v e  search  f o r  L. 

t h e  mean value theorem; any des i red  accuracy can be achieved by a s u i t a b l e  

choice of i n t e r v a l .  

on t h e  quadra t ic  approximation of c e r t a i n  funct ions and on t h e  e f f i c i ency  

of repeated i n t e r v a l  s p l i t t i n g .  It i s  possible  t o  construct  example:; 

where s p l i t t i n g  an i n t e r v a l  i n  two ~ ~ i 1 . 1  not improve the  accuracy, and on 

which comparison t e s t s  w i l l  lead t o  spurious r e s u l t s ;  however, t he  func t ions  

employed here  a r e  monotonic over the  i n t e r v a l  of in tegra t ion .  The accuracy 

The accuracy of (11) can be analyzed using 

The accuracy governed by f a c t o r s  (d )  and ( f )  r e l i e s  
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of the quadrat ic  i n t e rpo la t ion  depends d i r e c t l y  on t h e  i n t e r v a l  s ince  

t h e  funct ions approximated a r e  nowhere s ingular ;  the  i n t e r v a l  can be 

varied by changing one of t h e  parameters i n  the  program. Newkirk and 

Walt (1963) have shown t h a t  t h e  v a r i a t i o n  of d r i f t  ve loc i ty  can change 

the  value of longi tudina l  averages by as much as 25$. 

t h i s  e f f e c t  i s  due t o  a geometrical  f a c t o r ,  t h e  spreading of t h e  l i n e s  

of force.  

r e su l t .  

the  d r i f t  has shown t h a t  the  approximation r e s u l t s  i n  a poss ib le  2$ 

e r r o r  i n  @; t h i s  i s  comparable with e r r o r s  due t o  v a r i a t i o n s  i n  L, 

which we w i l l  d i scuss  la ter .  

However, much of 

The va r i a t ion  of $d has only a 5 o r  lO$ e f f e c t  on t h e  f i n a l  

Comparison of equation (12) with an exact  method of computing 

The Signif icance of I 

It has been shown by Northrop and T e l l e r  (1960) and by o the r s  

t h a t  I is  an ad iaba t ic  invar ian t .  I n  most app l i ca t ions  of t h i s  invar- 

i a n t  it is  usual  t o  make a n  approximation, namely t h a t  L is  a l s o  

invar ian t .  McIlwain (1961) has shown t h a t  L va r i e s  by l e s s  than  1% 

on most l i n e s  of force.  The importance of t h e  L co-ordinate  i s  that  

it gives  the  same l a b e l  t o  p a r t i c l e s  which a r e  on t h e  same l i n e  of force .  

The program descr ibed here  computes fav and W f o r  a given L 

and Bm. It computes i t s  L value on any l i n e  of fo rce  from the  r e l a t i o n  

where Bo is  t h e  value of B a t  t h e  geomagnetic equator ,  t h i s  value w i l l  

d i f f e r  from t h e  t r u e  L value by poss ib ly  1%. A t  an L value of 1.5, 
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a t  t h e  equator  corresponds t o  100 km; however, t h i s .  a 1$ e r r o r  i n  L 

does not necessar i ly  imply a l a rge  e r r o r  i n  

mi t iga t ing  f a c t o r s .  

be no s i g n i f i c a n t  e r r o r  i n  L. 

t h e  equator,  t h e  main cont r ibu tor  t o  f w i l l  come from high B values 

and a t  high B values  t h e  e r r o r  i n  L does not have such a l a r g e  e f f e c t  

on t h e  a l t i t u d e .  

. There are seve ra l  f av  

For p a r t i c l e s  mirror ing near  t he  equator  t h e r e  w i l l  

For p a r t i c l e s  mirror ing a long way from 

av 

The are seve ra l  economic reasons f o r  using t h i s  approximation i n  

t h e  program. 

L and #. 
compute r e s u l t s  f o r  s eve ra l  values of 

pu te  a new l i n e  of fo rce  f o r  each B Furthermore, t h e  func t ion  f has m' 

t o  be computed a t  many poin ts  on a l i n e  of force.  We ca r ry  t h e  calcu- 

l a t i o n s  f o r  s eve ra l  values  of i n  pa ra l l e l ,  and whenever poss ib le ,  

use one f ca l cu la t ion  for a l l  Bm values  which requi re  t h a t  f .  The 

program could be changed, by a minor modification, t o  use t h e  co r rec t  L 

f o r  each Bm, 

It speeds up t h e  search f o r  the l i n e  of fo rce  with a given 

I n  addi t ion,  having found t h e  l i n e  of fo rce  w e  can use it t o  

Bm. It i s  not necessary t o  com- 

Bm 

however, it would then  be necessary t o  compute r e s u l t s  

f o r  only one Bm i n  each ca lcu la t ion .  

The Atmosphere 

The program cur ren t ly  incorporates  the atmosphere of Anderson and 

Francis  (1964). 

were taken from t h e  t a b l e s  given by Anderson e t  al .  (1964) and f i t t ed  by 

an exponent ia l  funct ion of t h e  reduced height. 

f i t  values  below 200 km. The atmosphere i s  computed i n  a self-contained 

Values for atmospheric proper t ies  near  sunspot minimum 

No attempt w a s  made t o  

For t r an  subrout ine and any o ther  atmosphere can e a s i l y  be subs t i t u t ed .  
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Using t h e  Program 

The program is cont ro l led  by s e t t i n g  some parameters i n  t h e  main 

program. F Z  is  t h e  value of L required.  B(1) gives t h e  value,  i n  

gauss, of t h e  values of f o r  which t h e  ca l cu la t ion  should be done. 

R (  l), R( 2 ) ,  . . . must be i n  decreasing order  and t h e  l a s t  value must be 

7ero. The program w i l l  cons t ruc t  a t a b l e  from which values of 

which are less than Bo have been de le t ed  and t o  which t h e  value Bo 

has been added. If any of t he  higher  B values cause t h e  mir ror  po in t  

t o  d i p  below t h e  surface of t h e  ea r th ,  t h e  program w i l l  se t  f ( r )  = 10 

f o r  these  underground poin ts .  N i s  t h e  number of t he  atmosphere con- 

s t i t u e n t  used i n  t h e  rout ine  ATMO, with t h e  correspondence 

Bm 

B ( 1 )  

30 

N =  I 2 3 4 5 6 7  a 5 10 11 1 2  - + + + 
No 0’ H e  Hf Consti tuent e O2 N2 0 N He H O2 

N = 13 mixes the  cons t i t uen t s  i n  proport ion t o  t h e  energy l o s s  c ros s  

sec t ion  f o r  t h a t  cons t i tuent .  This mixture appears as a s i n g l e  For t ran  

statement i n  t h e  rout ine ATMO, and can e a s i l y  be changed. N = 14 sets 

f(r)  equal  t o  uni ty .  

The pro6;ram does no’ read any da ta ,  and uses no t apes  o t h e r  t han  

tlic standard output tapes .  The vai-iable N TAPE should be s e t  t o  t h e  

i i r i i t  riwnber 01’ t he  p r in t  tape.  The vari.ab1e NP TAPE shculd be se t  to 

L i l t .  nuniber ot’ the  s tandard punch tape .  
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N Consti tuent t o  be se lec ted  f o r  averaging. . 

N TAPE Standard output tape 

NP TAPE 

LW,EFW,ERR3 Error  control .  See l a te r  descr ip t ion .  

Standard punch tape o r  zero i f  no cards required.  

The program as d i s t r i b u t e d  contains  a main program wi th  

FL = 1.25 

B ( 1 )  = 0.21892 N =  4 

B(2) = 0.17822 

B(3)  = 0. 

This problem takes  2 mins 56 secs on the  CDC 3600. 

T h i s  time include loading and o ther  times spent i n  the  monitor. For 

L = 1.25 and t e n  B values the  CDC 3600 takes  5 minutes. 

output  

The f irst  page of output of t he  sample problem i s  shown i n  Figure 

2. Ignoriiig f o r  t h e  moment t h e  l i n e  which begins w i t h  a *, t he  r e s u l t s  

a r e  

#E Longitude 

L = l  Equator r a pi B~ DPHI/DT $ 
B ( 1 )  loglo(U) U T hn f(hn) hs f (hs)  

11 I t  11 1 1  11 I 1  I I  
B(2) 

Bo 
I t  I 1  I 1  1 1  T I  11 1 1  

piE, Bo, U and f have been defined previously. 1 is the  value of L 

f o r  t he  l a s t  point  on t h e  l i n e  of force;  t h i s  po in t  w i l l  have a B value 
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s l i g h t l y  g r e a t e r  than  B(1) .  r, 6 , @  are t h e  co-ordinates of the geo- 

magnetic equator. $ is  the r e s u l t  of equation (12)  wi th  t h e  f a c t o r  of 

4 2  2 rnY cv /2eR omitted, where Re i s  the  r ad ius  of t he  earth. T i s  

U ( l ,  I, Bm, @). This should be mul t ip l ied  by 2 R  /v t o  give the  bounce 
e 

e 

time i n  seconds. hn and hs a r e  t h e  height  i n  kilometers,  of t h e  

northern and southern mir ror  points .  Any pr in ted  l i n e  marked by a * has 

t h e  following s ignif icance. .  The process descr ibed following equation 

(11) encountered d i f f i c u l t y  i n  convergence. For some x it was neces- 
j 

i n t o  more than  64 p a r t s .  The s a r y  t o  s p l i t  t h e  interval  

r e s u l t s  are usua l ly  c o r r e c t  i n  t h i s  s i t u a t i o n  but  a sequence of * would 

x , j  to x j+l  

ind ica t e  t h a t  t h e  s t e p  s i z e  x t o  x is  t o o  l a r g e  (see accuracy 
j j+l 

con t ro l )  o r  more probably t h a t  you had changed rout ine ATMO and had 

made an e r r o r  of some s o r t .  This l i n e  of p r i n t i n g  contains:  t h e  mir ror  

point  B, t he  height/R t h e  penultimate and u l t imate  values  of t h e  integ-  

ral of f ( r )dx/vp,  
e' 

t h e  r e l a t i v e  e r r o r ,  followed by similar r e s u l t s  f o r  

The l i n e  of p r i n t  beginning "K = " refers t o  t h e  quadrat ic  i n t e r -  

polat ion process which w a s  discussed i n  t h e  s e c t i o n  on i n t e g r a t i o n  i n  t h e  

d i r e c t i o n .  F i n a l l y  a t  t h e  t o p  of a new page (see Figure 1) w e  have 

the  r e s u l t s  f o r  one B value, namely, t h e  number of t h e  substance,  t h e  

value of L, faV, W ( f ,  L, R m ) / W ( l ,  L, Bm), minimum height f o r  t h i s  

value of L and Bm and f i n a l l y  l o g  ( f  ). The numbers, i n  t h e  same 

format, Rre punched on a card u n l c s s  NP TAPE = 0. Following t h i s  are 
10 a v  



This i s  followed by t h e  r e s u l t s  f o r  t h e  next B value, i f  any. 

Organization of t h e  Program 

under 

Atmos 

Avro 

Invar  

Landb 

The program i s  w r i t t e n  completely i n  Fortran and w i l l  compile 

Fortran I1 o r  For t ran  63. The flow of cont ro l  i s  as follows 

Land+Invar T Avr-Atmos 

Ma irr-------Mo s t Denlo 

i s  t h e  rout ine which computes f (h) .  For convenience it a c t u a l l y  

c a l l s  another rout ine ATMO t o  compute t h e  Anderson and Francis 

atmosphere. 

performs t h e  i n t e g r a t i o n  described by equation (11). 

ments of Avro are values of B and t h e  c o e f f i c i e n t s  which give 

a quadrat ic  f i t  t o  B and L over the range x t o  x 

computes a l i n e  of force.  

The arguments of t h i s  rout ine are L and gE. It does an i t e r a -  

t i v e  c a l c u l a t i o n  t o  f i n d  the  l i n e  of fo rce  w i t h  t h e  given valiie 

of L and which cross  t h e  geographic equator a t  longitude . 
It then  goes south along t h i s  l i n e  of f o r c e  (using Invar)  t o  a 

poin t  wi th  B g r e a t e r  than Bm. S t a r t i n g  from t h i s  po in t  it 

goes north t o  f i n d  t h e  complete l i n e  of fo rce  be tmen  the l i m i t s .  

B > Bm i n  t h e  southern hemisphere t o  B Bm i n  t h e  nor-thern 

hemisphere. 

The arm- 

m’ 

j+l’  j 

@e 
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Denlon The arguments t o  t h i s  rou t ine  are L and (dE and t h e  t a b l e  

of B values. It uses  Iandb t o  compute t h e  l i n e  of force.  

Then f o r  each B value j t  uses P-vro t o  compute S(f) and 

S(1): i t  a l s o  saves f ( h n )  and f ( h s ) .  The c a l c u l a t i o n  is  

arranged so t h a t  one l i n e  of fo rce  s u f f i c e s  f o r  a l l  B 

and usua l ly  Atmos i s  c a l l e d  once f o r  each point  and t h e  r e s u l t  

saved for the  next B value. 

values 

Mosta con t ro l s  the  i n t e g r a t i o n  i n  t h e  @ d i r e c t i o n .  It is  entered 

when a l l  t h e  U values are ava i l ab le .  

Most con t ro l s  t h e  major p a r t  of the  ca l cu la t ion .  It s e l e c t s  @ = O o ,  

a", etc . ,  c a l l i n g  Denlon t o  do t h e  U ca lcu la t ion .  It per- ' 

forms t h e  t e s t  of parabol ic  f i t  aga ins t  t r u e  value and decides  

1.f an a d d i t i o n a l  p a i r  of (d valuer. should be used. When a l l  

t h e  da t a  i s  ready it c a l l s  Mosta t o  do t h e  i n t e g r a t i o n .  

Invar has a number of subs id ia ry  rout ines ,  namely S t a r t ,  Lines,  Magnet, 

Bulge, Grado, Cannel, Integ.  Most of t h e s e  rout ines  were w r i t t e n  by D r .  

C. E. McIlwain and have been used ex tens ive ly  i n  many computing centers ;  

we w i l l  not descr ibe them i n  d e t a i l .  The rout ine,  Magnet, computes t he  

e a r t h ' s  f j e l d  and is  due t o  D C.  Jcnsen. We have made the  fol lowin& 

atidit, ions t o  these rout ines .  Rulce compute:; t h e  ei ' rect  of the e a r t h ' s  

oblateness:  i t  was foimerly used but  w a s  not a separa te  rok t ine .  Grado 

conlputes tlic 6 component. ol' VR. Lines has been modified so  t h a t  one 

can start! a t  a low E valuc and i n t e g r a t e  u n t i l  some s p e c i f i e d  higher  

B value has been passed. Linc.s has a l s o  been modified so t h a t  t h e  co- 

ordinates  o f  t h e  geomagnetic equator  are computed and also s o  t h a t  t h e  
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the  co-ordinates of a point  with a spec i f ied  B value can be found. ’ 

This la t ter  f ea tu re  is  not used i n  t h e  cur ren t  ca lcu la t ions .  

To change the  computation of t he  e a r t h ’ s  f i e l d  t h e  rout ine  Mag- 

ne t  should be changed. 

un i ty .  To change t h e  atmosphere, modify ATMO. To compute d i f f e r e n t  

combinations of components of t h e  atmosphere, change Atmos. 

To use a sphe r i ca l  ear th ,  s e t  Bulge equal  t o  

If a clock i s  at tached t o  t h e  computer, t h e  rout ine  M y t i m e  should 

be modified s o  t h a t  it c a l l s  t he  clock. 

Control of Accuracv 

The accuracy of t h e  l i n e  of force  ca lcu la t ion  is cont ro l led  by 

t h e  va r i ab le  ERRl i n  rout ine Landb. The i t e r a t i v e  ca l cu la t ion  t o  f i n d  

a l i n e  of fo rce  with a given L value is a l s o  cont ro l led  by t h i s  var iable;  

w e  i t e r a t e  u n t i l  t h e  change i n  L i s  less than ERR1/10. The accuracy 

of i n t e g r a t i o n  along the  l i n e  of force  i s  control led by ERR2 i n  Avro. 

Within t h e  i n t e r v a l  x t o  x t h e  rout ine computes equation (11) 2 j + l  

for two, four ,  e igh t ,  e t c .  d iv is ions  of the  in te rva l ;  it stops dividing 

when t h e  AU/U f o r  t he  U(l) i n t e g r a l  i s  l e s s  than ERR2 o r  when AU(f) 

i s  l e s s  than  ERR2/5 t imes ( the  value of U f o r  s t eps  x t o  x.). 

The accuracy of the  @ i n t eg ra t ion  i s  control led pr imari ly  by ERR3 i n  

t h e  rout ine  Most. The @ a r e  chosen such tha t  

1 J 

where S is t h e  cur ren t  es t imate  of S. The ac tua l  i n t eg ra t ion  of U(f) 

is done i n  Quadc and repeated d iv i s ion  and the use of Simpson’s ru le  is  



16 ' 

used u n t i l  t h e  reshlt. is  changing by less  than one p a r t  i n  5000. Chang- 

ing t h e  accuracy. numbers produces t h e  following changes i n  t h e  r e s u l t .  

For L = 1.25 and B = .21892 

Minimum Re i g h t  W 

5.452904 10 

a v  f 

276.25 

276.26 

6 6 

6 
Standard Values 1.028609 io 

With ERRl = .0005 1.028890 io 5.453579 I O 6  

With ERR2 = .OOO5 1.028638 lo6. 5.452679 10 

With ERR3 = .OOO5 1.028861 io 

276.25 6 

6 
276.25 5.453576 - 0  

6 

The standard case has ERR1 = ERR2 = ERR3 = .001. 

The quant i ty  W has been computed by Anderson e t  al .  (1964). 

Their  c a l c u l a t i o n  w a s  done i n  a d i f f e r e n t  way. Their  L value refers 

t o  t h e  Bm They computed t h e  

d r i f t  v e l o c i t y  a t  many po in t s  on t h e  l i n e  of force.  For t h e  t e s t  prob- 

l e m  a t  B = .21892 we have W = 5.453 10 and minimum height  276.3 km. 

Anderson e t  a l .  i n  t h e i r  t a b l e  4-3 have W = 5.597 10 and m i n i m u m  

height 272 km. The minimum height  i s  t h e  lowest height  reached by a par- 

t i c l e  with t h e  given B and L. The s c a l e  height  of oxygen i s  120 km 

so a discrepancy of 3% corresponds t o  a 4 . h  change i n  height.  

same L and B values using t h e  concentrat ion of helium we f i n d  

W = 1.143 l o 5  

point  and not t o  t h e  geomagnetic equator.  

6 

6 

For t h e  

5 and Anderson e t  a l .  have W = 1.137 10 . 
The in tegra t ion  along t h e  l i n e  of fo rce  can be checked f o r  t h e  

case of f ( r )  equal to a constant .  The i n t e g r a t i o n  rou t ine  i s  corn- 

p l e t e ly  separate  from t h e  rout inc which computes t h e  magnetic f i e l d .  We 

have modified t h e  rout ine Magnet to produce a d ipole  f i e l d ,  and t h e  rou- 

t i n e  Bulge t o  use a spher ica l  eai-th.  The r e s u l t s  f o r  t h e  t i m e  can be 
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compared w i t h  t h e  func t ion  2LT(P) where T(P)  is  the  func t ion  tabu- 

l a t e d  by Hamlin e t  al.  (1961). For t h e  value L = 1.25 the  r e s u l t s  

are shown i n  Table 1. 

1. 90" 1.8512 1.8516 

5647 60" 2.4065 2.4030 

.2812 45 O 2.823 2.826 

.09310 30 " 3.160 3.163 

Tablc 3.. 2LT(p) i s  the  LohLILe t i m e  computed by Ham- 

l i n  e t  al. f o r  a d ipole  f i e l d .  T i s  the  correspond- 

i n g  wslilt f o r  t h i s  program. 
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